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Abstract: 
The first and nth order kinetic models are usually used to describe cellulose pyrolysis. In 
this work, the local sensitivities of the conversion and derivative conversion with respect to the 
frequency factor, the logarithm of the frequency factor, the activation energy and the reaction 
order for the first and nth order kinetic models are calculated by using the finite difference 
method. The results show that the sensitivities of the first and nth order kinetic models with 
respect to the activation energy and the logarithm of the frequency factor are significant, while 
the frequency factor and the reaction order affect the nth order kinetic model slightly. 
Compared with the frequency factor, the natural logarithm of the frequency factor is a better 
choice in the parameter estimation of the first and nth order kinetic models. 
Key words: Pyrolysis; Kinetic model; Local sensitivity analysis; Activation energy; Frequency 
factor 
 
List of symbols: 
ODE Ordinary differential equation 
RRS Residual sum of squares 
TG The thermo-gravimetric 
DTG The derivative thermo-gravimetric 
DSC Differential scanning calorimetry 
Q-DTA Differential thermal analysis under quasi-isothermal, quasi-isobaric conditions 
α Degree of conversion 
n Reaction order 
A  Frequency factor 
lnA Natural logarithm of frequency factor 
E  Activation energy 
R  Universal gas constant 
β Heating rate 
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t Time 
T  Absolute temperature. 
T0 Starting temperature 
p Kinetic parameter in the model 
nd Number of data points 
 
Subscripts: 
exp Experimental data 
cal Calculated data 
i The ith data point 
c Corresponding kinetic parameter value 
1 Introduction 
With the rapid growth of energy demand and increasing environmental concern, biomass 
has been widely used as an alternative source to fossil fuels due to its renewability, abundant 
reserves, and CO2 neutrality [1]. Pyrolysis is a thermochemical conversion process that 
decomposed organic matters in the absence of oxygen resulting in the production of pyrolysis 
liquids, char and permanent gases [2]. Cellulose is a major component of the lignocellulosic 
biomass. Understanding the kinetics of cellulose pyrolysis is important for effectively 
analyzing the conversion of biomass using pyrolysis-based technologies [3]. In the literature, 
cellulose pyrolysis was considered as a complicated process involving scission mechanism [4], 
intermediate species and phase change phenomena [5].  
The thermo-gravimetric (TG), derivative thermo-gravimetric (DTG), differential 
scanning calorimetry (DSC) and differential thermal analysis under quasi-isothermal, quasi-
isobaric conditions (Q-DTA) could be used to perform the decomposition kinetic analysis of 
solid fuels [6-8]. The main aim of chemical kinetic study is to deduce the reaction mechanism 
governing the thermochemical reaction process, that is, to postulate a proper kinetic model and 
to determine the kinetic parameters correlated to the kinetic model [9]. The practical kinetic 
model with the estimated parameter values can be used for the prediction of the kinetic 
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behaviors under different processing conditions. In general, there are several steps from the 
experimental phenomenon to the practical model including analysis of chemical mechanisms, 
sensitivity analysis and parameter estimation [10], as shown in Figure 1. 
Experimental 
phenomenon
Kinetic model
Refined kinetic model
Practical kinetic model
Kinetic mechanism
Sensitivity analysis
Parameter estimation
Observed 
data
 
Figure 1. From experimental phenomenon to practical model 
 
Sensitivity analysis is a technique used to study how the variation of kinetic parameters 
impacts the output of the kinetic model qualitatively and quantitatively [11]. It is a very useful 
tool to study the relationships between kinetic information flowing in and out of the reaction 
system, which can be used to enhance the model’s confidence [12]. According to the literature 
[13], the residual sum of squares surface for some experimental data based on kinetic models 
shows a wide valley, which makes it difficult to find the optimal parameter values. 
Many kinetic models have been proposed to describe the pyrolysis kinetics of cellulose 
[14], of which the first and nth-order models were the most commonly used [15, 16]. Lin et al. 
[16] pointed out the first order kinetic model was able to adequately fit the kinetic experimental 
data of cellulose pyrolysis. Bradbury [17] considered that the initiation step of cellulose 
pyrolysis formed active cellulose followed by decomposing of active cellulose by two 
competitive first-order reactions. As shown in Figure 1, the sensitivity analysis of a chemical 
kinetic model is essential for the parameter estimation and the determination of the practical 
model. Sensitivity analysis can be divided into two categories: global and local sensitivity 
analysis. Global sensitivity analysis refers to the effect of simultaneous, possibly orders-of-
magnitude parameter changes, while local sensitivity analysis refers to small changes of 
parameters [18]. 
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There were several studies related to the sensitivity analysis of kinetic models for biomass 
pyrolysis. Santos et al. [19] analyzed the influences of various kinetic parameters of the 
independent parallel reaction model for the pyrolysis of sugarcane bagasse by means of global 
sensitivity studies. The results showed that the activation energies of conversions had a stronger 
impact than other parameters such as the frequency factor and reaction order. Xavier et al. [20] 
performed the sensitivity analysis of the independent parallel reaction (IPR) model and 
obtained that the activation energies affected the conversion to a greater extent than the other 
parameters. 
The above studies focused on the global sensitivity of kinetic models for biomass 
pyrolysis. The local sensitivities of the kinetic model outputs with respect to the kinetic 
parameters for the pyrolysis of biomass and its components are still missing. Therefore, the 
objective of this work is to measure local parametric sensitivity of the first and nth order kinetic 
models for cellulose pyrolysis. The results will be helpful to the pyrolysis of cellulose samples 
whose pyrolysis kinetic behaviors can be described by the first or nth order kinetic model. 
Besides, the corresponding analysis about cellulose pyrolysis is the first and basic step of 
investigating more complex reactions, such as the pyrolysis of lignocellulosic biomass or other 
solid fuels. Likewise, the approach about the relative sensitivity analysis presented in this work 
would provide a way to analyze other complex kinetic models, such as distributed activation 
energy model [21]. The corresponding sensitivity analysis of biomass pyrolysis is our next 
work which will use the results and approach of this work.  
2 The first order kinetic model and its numerical calculation 
The first order kinetic model is usually used to describe the global kinetics of cellulose 
pyrolysis and the corresponding kinetic parameters are apparent parameters [22]. The kinetic 
equation and the corresponding initial condition can be expressed as follows: 
  /
d
1
d
E RTAe
t

    (1) 
 0,  =0t    (2) 
where α is the degree of conversion, t is the time, A is the frequency factor, E is the activation 
energy, R is the universal gas constant, and T is the absolute temperature. 
There are three heating program types: isothermal heating program, non-isothermal 
heating program with a constant heating rate and other non-isothermal heating programs [23]. 
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The second heating program is the most common in the experimental kinetic study of thermal 
decomposition processes. Under non-isothermal conditions at a constant heating rate, the 
following equation can be obtained: 
 0T T t    (3) 
where β is the heating rate and T0 is the starting temperature. 
According to Equation (3), Equations (1) and (2) become Equations (4) and (5), 
respectively. 
  /
d
1
d
E RTA e
T



    (4) 
 0 ,   =0T T    (5) 
Before conducting sensitivity analysis, the solution of the kinetic model should be 
obtained. The problem of expressing α and dα/dT as a function of T based on Equations (4) 
and (5) is a typical initial value problem for an ordinary differential equation (ODE). The 
analytical exact solution of the initial value problem for Equation (4) cannot be easily obtained, 
thus numerical techniques are frequently used for the solution of the problem [24]. In this work, 
the classical Runge-Kutta fourth order algorithm is selected for computing the initial value 
problem for ODEs. The implementation of the algorithm is carried out in the MATLAB 
software system. 
Previous work carried out by Lin et al. [16] used the first order kinetic model to describe 
the kinetic behaviors of cellulose pyrolysis with a frequency factor of 6.46×1014 s-1 and 
activation energy of 198.91 kJ mol-1. Using the same parameters, the influences of β, A and E 
on the numerical results of the first order kinetic model were revealed, as illustrated in Figure 
2 (a), (b) and (c), respectively. The increase of A causes the shift of α - T and dα/dT - T curves 
toward left direction. The α - T and dα/dT - T curves are shifted up the temperature scale by 
increases in E and β. 
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Figure 2. The effect of (a) β (A = 6.46×1014 s-1, E = 198.91 kJ mol-1 and n = 1), (b) A (β = 20 
K min-1, E = 198.91 kJ mol-1 and n = 1), (c) E (β = 20 K min-1, A = 6.46×1014 s-1 and n = 1) 
and (d) n (β = 20 K min-1, A = 6.46×1014 s-1 and E = 198.91 kJ mol-1) on the numerical results 
of the first or nth order kinetic model 
3 Residual sum of squares surface for first order kinetic model 
Residual sum of squares (RSS) is a tool to measure the discrepancy between the data and 
an estimation model [25]. A small RSS indicates a tight fit of the model to the data [26]. It is 
usually used as an optimality criterion in parameter estimation. 
In this work, the equations of RSS for α and dα/dT can be defined as 
 
 
2
exp, cal,
1
RSS
dn
i i
i
  

 
  (6) 
 
2
d /d
1 exp, cal,
d d
RSS
d d
dn
T
i i iT T

 

    
     
     
   (7) 
where the subscripts exp and cal represent the experimental data and the data calculated from 
the kinetic model (4) respectively, i represents the ith data point, and nd represents the number 
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of data points. 
In order to investigate the effect of variation of A and E values on the RSS values, the 
theoretical α – T and dα/dT – T data with A = 6.46×1014 s-1 and E = 198.91 kJ mol-1 (which 
were used to describe cellulose pyrolysis as quoted in Section 2) is used. The corresponding 
numerical calculations are performed in the MATLAB software system.  
Figure 3 shows the RSS surfaces in the parameter space (1.46×1014 s-1 ≤ A ≤ 1.546×1015 
s-1 and 188.91 kJ mol-1 ≤ E ≤ 208.91 kJ mol-1). From Figure 3, it can be found both the RSS 
surfaces for α and for dα/dT have a long valley, where the optimal parameter point is located. 
It is difficult to find the optimal parameter point in such a wide purple area. Therefore, we want 
to seek the key parameters whose input change would have more significant effects on the 
model output by sensitivity analysis. 
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Figure 3. The RSS surfaces for (a) α and (b) dα/dT in the parameter space (1.46×1014 s-1 ≤ A 
≤ 1.546×1015 s-1 and 188.91 kJ mol-1 ≤ E ≤ 208.91 kJ mol-1) 
4 Local sensitivity analysis of first order kinetic model 
There are many methods to perform sensitivity analysis, of which the finite difference 
method is used in this work for its simplicity [27]. Applying this method, the parameter p is 
changed by Δp, while all other parameters remain unchanged. The sensitivities of α and dα/dT 
with respect to A and E for the first order kinetic model can be calculated by the following 
equations: 
 
   , ,
2
T A A T A A
A A A
      
 
 
Δ Δ
Δ
  (8) 
 
   
d d d d
, ,
d d d d
2
T A A T A A
T T T T
A A A
   
   
 

Δ Δ Δ
Δ Δ
  (9) 
 
   , ,
2
T E E T E E
E E E
      
 
 
Δ Δ
Δ
  (10) 
 
   
d d d d
, ,
d d d d
2
T E E T E E
T T T T
E E E
   
   
 

Δ Δ Δ
Δ Δ
  (11) 
The order of magnitude value of A is relatively large (in general, 1010 ~ 1030 s-1) compared 
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to that of E. Therefore, the natural logarithm of A (lnA) is usually considered in the parameter 
estimation. The sensitivities of α and dα/dT with respect to lnA can be expressed as follows: 
 
   , ln ln , ln ln
ln ln 2 ln
T A A T A A
A A A
     
 

Δ ΔΔ
Δ Δ
  (12) 
 
   
d d d d
, ln ln , ln ln
d d d d
ln ln 2 ln
T A A T A A
T T T T
A A A
   
   
 

Δ Δ Δ
Δ Δ
  (13) 
The above sensitivity calculations can be performed by using some numerical techniques. 
In this work, the MATLAB software system is used for the implementation of the finite 
difference method. 
In this work, the relative sensitivity coefficient is used as a tool to measure the relative 
influence of parameters to model output avoiding the disturbance of magnitude. So that the 
different parameter sensitivities can be put together to compared with each other [19]. The 
relative sensitivity coefficients could be obtained by multiplying the absolute sensitivity 
coefficients by the parameter values: 
cA
A


, 
d
d
c
T A
A

Δ
Δ
, 
cE
E


, 
d
d
c
T E
E

Δ
Δ
, 
 
ln
ln
c
T
A
A
Δ
Δ
 
and 
d
d ln
ln
c
T A
A

Δ
Δ
 (Ac and Ec represent the corresponding kinetic parameters for cellulose 
pyrolysis [16]). The relative sensitivity coefficient near zero means that a parameter change 
has small effect on the model output. As the relative sensitivity increases, the parameter 
changes in the model output become more significant [28]. 
The sensitivity analysis results based on the finite difference method are dependent on the 
parameter change. Figure 4 gives an example of the sensitivity of dα/dT with respect to E with 
different ΔE values for the first order kinetic model. 
From Figure 4(a), it can be observed that the temperature evolution of the sensitivity of 
dα/dT with respect to E would converge into a curve with decreasing of the ΔE values. The 
large ΔE value would damage the assumption of local linearity described in Equations (10) and 
(11). The smaller the ΔE value is, the closer the 
A


 and 
d
dT
E

Δ
Δ
 values are to 
A


 and 
d
dT
E



, respectively. From Figure 4(b), it can be seen that when the ΔE values are too small, 
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the obtained sensitivity curves are not smooth. The small ΔE values would lead to relatively 
large computational round-off errors. 
Therefore, there exist optimal values of parameter changes. Based on the calculated results, 
the optimal values of ΔE, ΔA and ΔlnA at Ac = 6.46×1014 s-1 and Ec = 198.91 kJ mol-1 for the 
first order kinetic model are obtained: ΔE = 0.2 kJ mol-1, ΔA = 1012 s-1, and ΔlnA = 0.02. Figure 
5 shows the sensitivity analysis results of the first order kinetic model with the optimal 
parameter changes. Table 1 lists the corresponding peak values of the temperature evolution of 
the relative sensitivities for the first order kinetic model. From Figure 5 and Table 1, it can be 
observed that α and dα/dT show a strong sensitivity to lnA and E, but a slight sensitivity to A. 
This indicates that lnA, instead of A, is better to be considered to use in the parameter estimation 
for the first order kinetic model. 
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Figure 4. The effect of various ΔE values on the sensitivity of dα/dT with respect to E at Ec = 
198.91 kJ mol-1 for the first order kinetic model 
 
 
Figure 5. The relative sensitivities of α and dα/dT with respect to (a) A and lnA, and (b) E at 
Ac = 6.46×10
14 s-1 and Ec = 198.91 kJ mol
-1 for the first order kinetic model 
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Table 1. The peak values of relative sensitivities of α and dα/dT for the first order kinetic 
model 
parameter 
the peak value of 
relative sensitivity 
of α 
the 1st peak value of 
relative sensitivity of 
dα/dT 
the 2nd peak value of 
relative sensitivity of 
dα/dT 
T Δα/Δp*pc T Δ(dα/dT)/Δp*pc T Δ(dα/dT)/Δp*pc 
A 630.3 0.368 614.9 0.0107 645.6 -0.0187 
lnA 630.2 12.5 614.8 0.365 645.6 -0.637 
E 629.5 -14.3 614.3 -0.411 645.4 0.721 
 
5 The nth order kinetic model and its sensitivity analysis 
The following nth order kinetic model is usually used to extend the applicability of the 
first order kinetic model [14]: 
  /
d
1
d
nE RTA e
T



    (14) 
where n is the reaction order. 
Equation (14) with the initial condition (5) can be numerically solved by the classical 
Runge-Kutta fourth order algorithm. Figure 2 (d) shows the effect of the reaction order on the 
numerical results of the nth order kinetic model. It can be observed that (1) the increase of n 
causes the slope of α – T curve to get less, (2) the height of the dα/dT – T curve peak decreases 
with the decrease of n, (3) the temperature at the dα/dT – T curve peak remains constant with 
the variation of n. 
The sensitivities of A, E, and lnA can be obtained according to the above equations (8) – 
(13). The sensitivity of n is calculated by using the following equations: 
 
   , ,
2
T n n T n n
n n
    


Δ Δ
Δ
  (15) 
 
   
d d d
, ,
d d d
2
T n n T n n
T T T
n n
  
  

Δ Δ Δ
Δ Δ
  (16) 
Based on the calculated results, the optimal values of ΔA, ΔlnA, ΔE, Δn for the nth order 
kinetic model are estimated: ΔA = 1012 s-1, ΔlnA = 0.02, ΔE = 0.2 kJ mol-1, and Δn = 0.04. The 
14 
 
sensitivity analysis results of the nth order kinetic model with the optimal parameter changes 
are shown in Figure 6. The corresponding peak values of the temperature evolution of the 
relative sensitivities for the nth order kinetic model are listed in Table 2. From Figure 6 and 
Table 2, it can be obtained that the relative sensitivities of α and dα/dT with respect to n and A 
is slight, but the relative sensitivities of α and dα/dT with respect to E and lnA is strong. 
 
Figure 6. The relative sensitivities of α and dα/dT with respect to (a) A and lnA, (b) E, and (c) 
n at Ac = 6.46×10
14 s-1, Ec = 198.91 kJ mol
-1 and nc = 2.0 for the nth order kinetic model 
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Table 2. The peak values of relative sensitivities of α and dα/dT for the nth order kinetic 
model 
parameter 
the peak value of 
relative sensitivity of 
α 
the 1st peak value of 
relative sensitivity of 
dα/dT 
the 2nd peak value of 
relative sensitivity of 
dα/dT 
T Δα/Δp*pc T Δ(dα/dT)/Δp*pc T Δ(dα/dT)/Δp*pc 
A 630.3 0.250 609.4 0.00650 650.9 -0.00572 
lnA 630.2 8.53 609.3 0.222 650.8 -0.195 
E 629.5 -9.73 608.6 -0.251 650.0 0.225 
n 652.4 -0.324 629.4 -0.00973 674.8 0.00581 
 
5 Conclusions 
(1) The local sensitivity analysis of the first and nth order kinetic model for cellulose pyrolysis 
was performed based on the finite differential method. The optimal values of parametric 
changes were obtained: ΔE = 0.2 kJ mol-1, ΔA = 1012 s-1, ΔlnA = 0.02 and Δn = 0.04. 
(2) For the first order kinetic model, the activation energy and the natural logarithm of the 
frequency factor affected the conversion and conversion rate more strongly.  
(3) The nth order kinetic model was slightly sensitive to the reaction order, while strongly 
sensitive to the activation energy and the logarithm of the frequency factor. 
(4) Compared with the frequency factor, the natural logarithm of the frequency factor was a 
better choice in the parameter estimation. 
(5) Such sensitivity analysis occurring in cellulose pyrolysis provides qualitative and 
quantitative insights for biomass pyrolysis kinetics. 
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